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ABSTRACT
Given a vector space over a field endowed with an
order 2 automorphism, there is an associated form called
a Hermitian form, for example, the familiar inner product
over the complex numbers. Given a Hermitian form, the set
of linear transformations that leave it invariant is
called a unitary group. This description is the classical
definition of the unitary groups.
However, the classical groups, of which unitary
groups are part, also have representations as groups of
Lie type. This means that they consist of transformations
that act as automorphisms of an underlying Lie algebra,
in this case the special linear algebra. By exploring
this definition of the unitary groups, we find a
correlation, via exponentiation, to the basis elements of
the Lie algebra. In so doing, we are able to find a
natural representation for these transformations as one-
parameter subgroups of the Lie group. These so-called
root subgroups yield a representation of the groups as
symmetries of an intrinsic geometry associated with the
group.
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This project focuses on the description of the root
subgroups themselves rather than the associated geometry.
We have established the correspondence between the
Hermitian and adjoint representations and given these
representations over the complex numbers. In the
appendices are the matrices which represent the special
linear group, the unitary adjoint matrices corresponding
to the root subgroups for ranks one and two, and the
corresponding unitary matrices in the natural dimension.
A representation for the rank two group over a field of
prime characteristic is also included.
iv
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CHAPTER ONE
CLASSICAL GROUPS
The focus of this project is to discuss certain
one-parameter subgroups of the low-rank unitary groups
called root subgroups. Before we discuss root subgroups we
give a brief description of classical groups. GL„(V) denotes 
the general linear group. It is the group of all invertible
nxn matrices (linear transformations) over a vector space
V. It is easily checked that this is a group under matrix
multiplication. Subgroups of this group include the SLn(F) 
special linear group of matrices of determinant 1, the 
symplectic group Sp„(V), the unitary group Un(V,f), and the 
various forms of orthogonal groups, collectively denoted
These last three groups are defined below. For the
purposes of this project, V is a vector space over C or 
over GF(</2), a Galois field. A classical group is any of 
GL„(V), Sp„(V), U„(y,f) or We define these groups below.
To do so, we must cover some preliminary definitions.
Suppose V is a finite-dimensional vector space over C. 
A function f: Vx V -> C is called a bilinear form if for all 
u, v, and w in V and for all a in C we have
J{au + v,w) = affaw)+f(v,w') and f(u,av + w) = af(u,v)+f(u,w). If we have
1
f(u,v) =f(v,u) for all u and v in V, then f is called symmetric, 
and if f(u,u) = 0 for all u in V, then f is called alternating.
Another kind of form is a Hermitian form. Given a
vector space V whose field admits an order 2 automorphism <7
(such as C with complex conjugation), h is a Hermitian form 
if h is linear in the first variable and h(u,v) = h(y,u)a . An
example of a Hermitian form is the Euclidean inner product,
h(v\,V2) = diPi, where and f}j are components of the vectors
Vi and V2, respectively, with respect to some basis. That is,
for example, for vi = (zi/2) and V2 = (^1,^2), both elements of 
C2, we have h(yi,V2) = Z1W + Z2W2 •
The ordered pair (V,f) of a vector space and a form that 
is either symmetric, alternating or Hermitian is called an ,
inner product space.
Suppose we have a finite-dimensional vector space V 
with ordered basis B = {v\,V2,.--vn}. Applying the function f to 
pairs of basis elements gives a characteristic matrix A that
is useful in performing calculations. The characteristic 
matrix is defined to be [a,y], where <?/,■ . That is, each
coordinate in the matrix is the result of applying the
function to two basis elements.
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For our above example, the matrix is
= Wvidy)].
Z\Z\ +Z-2Z1 ZlWi +Z2W2 
W1Z1+W2Z2 W1WT + W2W2
This is called the inner product matrix of h relative to B.
If such a matrix is invertible, then we say that the space
(V,f) is a nondegenerate space. Given a nondegenerate space 
(V,f), an isometry is a linear transformation T such that 
f(Tu,Tv) = flu,v).
Lemma 1: An inner product space (V,f) over a field K is
nondegenerate if and only if f(u,v) = 0 for all v in V implies
u = 0.
Proof: Let {vi,...,v„} be a basis of V. Suppose (V,f) is 
not nondegenerate. That is, suppose A = is singular.
Then there is a nonzero column vector Y with AY = 0, and we 
have u = with fly,u) = X'AY = 0, for all v = V, , where
X=
For the converse, we assume that u is such that flu,v) = 0 
for all v in V. Then flu,Vj) = 0 for all vt in , a basis
of V. Let z; = 57HjVj. Then
Xw,v,) = = 0.
j
If Y = 'jfjlYVi = u, then Y f 0, since {vi,...,v„} is a basis and 
therefore linearly independent. So AY = 0, which implies that
3
detA =0 (Rotman, 236-7). ■
Lemma 2: All the isometries of a nondegenerate space
are invertible.
Proof: Assume that for an isometry T, Tu =0 for some u
in V. Then
/(zz,v) = flTu,Tv) =/(0,7v) = 0
for all v in V. By lemma 1, u = 0. Since Tu =0 implies that
w = 0, we have that T is invertible (Rotman, 237). ■
Since the composition of two isometries is again an
isometry, Lemma 2 implies that the set of isometries is a
group. We are interested in the isometry groups Isom(F,/). If 
f is symmetric, alternating or Hermitian, then we obtain the
orthogonal, symplectic or unitary group, respectively.
We now focus on the unitary group U„(V,f). In this
notation, n is the order of our vector space V over the
field K, and f is our Hermitian form. An invariant for
is the index v of the group. The index is defined to be the
dimension of the maximal isotropic subspace of the unitary
group. By isotropic subspace we mean a subspace such that
J[u,v) = 0 for all u and v in the subspace. That is, if we have 
a subspace of V for which every pair of vectors is taken to
0 by our Hermitian form, then it is an isotropic subspace.
Each of these subspaces has a dimension over our field K.
4
The largest such dimension is the index of the unitary- 
group. In our example above, f is the inner product on C2. 
Since the inner product is positive definite, our maximal 
isotropic subspace is the zero vector. Hence, t/2(C2,/z) (with 
h as above) has index 0.
Just as GL„(V) has the subgroup SLn(V), Un(V,f) has a 
subgroup SU„{V,f), the special unitary group, which is 
composed of those members of that have determinant 1 .
It can be shown that for M in GLn(V)r M is in the 
unitary group Un(V,f), where f is the Euclidean inner product 
if and only if MM* = I, the identity matrix, where M* = (M1)0 
Given this description and the fact that detA7 = 1, we can 
obtain the general form for a member of SUitfC.,/).
( a p\
Suppose that detX = 1 and AA* = I for A = . Thenv z <5 ;
a y 
J 8
1 0 
0 1
a
Y 8
This yields the following equations:
aa + PP = 1 (1)
a~Y + P8 = 0 => ay" = ~P8 . . (2) 
YY + 88 = 1 (3)
ay += 0 => ay =(4) 
a8 ~yP = I (5)
5
Equation (1) implies aay + Pfp = Y, but ay = -fi8 so
- afi§ + PPy = /
=> p (Py - aS) = y 
=> P = ~T-
Using equation (3) with equation (2) gives us ~a = 8. Hence
A =
a P 
~P ~a
Since a~a+PP = 1, we have only one free parameter. This
process quickly becomes cumbersome in the 3x3 case. Even
though it is possible by more sophisticated techniques in
representation theory to find a matrix form for A in the
general nxn case, we will pursue a different method of
representation that has the additional advantage of
producing families of simple groups.
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CHAPTER TWO
LIE ALGEBRAS
We will now focus on the Lie algebraic structure of
the groups. An algebra is simply a vector space together
with a multiplication defined on it. In our case, the
elements of the vector spaces are matrices (linear
transformations), and our multiplication is as follows:
given A and B in , the set of n x n matrices over the
field K, let [A,B]=AB-BA. This matrix multiplication
satisfies:
i) [x,y] is bilinear for all x, y in Mn(K),
ii) [x,x] = 0 for all x in Mn(K), and
iii) [[x,y],z] + [[y,z],x] + [[z,x],y] = 0 for all x, y, z in Mn(K). 
The product [x,y] is sometimes called the adjoint action
of x on y. This is the very definition of a Lie algebra;
that is, a Lie algebra L is a vector space V over a field K
with a multiplication defined that satisfies the above three
criteria. L is said to be simple if it has no ideals other
than itself and the zero subspace. That is, there is no
nontrivial subspace M of L for which [ML] is contained in
M. We will, on occasion, refer to a semisimple Lie algebra.
A semisimple Lie algebra has no proper ideal in which the
7
the other. That is, a matrix of the form
Lie multiplication is trivial.
The set of all (/+ 1) x (/+ 1) matrices forms a Lie algebra 
of dimension (Z+l)2, using the multiplication defined above. 
(The choice of representing this number as Z+l will make
more sense below.) The subset of matrices of trace 0 forms a
subalgebra of this set and has dimension (/+ l)2- 1. To see 
that this is a subalgebra, let Trx = 0 and Try = 0. Then:
Tr(x+y) = Trx + Try = 0 (closure under addition),
Tr(ix) = 1 Trx = 0 (closure under scalar multiplication),
and
Tr[xy] = Tr(xy-yx) = 0 (closure under the defined
multiplication).
In fact, this Lie algebra of (/+ 1) x (/+ 1) matrices of trace
0, which we denote A/, is simple.
Let I = 1 . Then we are looking at 2x2 matrices of trace
0. Recall that the trace of a square matrix is the sum of
the entries on its main diagonal. Hence, our only constraint
is that one entry on the main diagonal is the negative of
a b A
has trace
c -a J
0. Since three entries are free, we have 22- 1 degrees of 
freedom. As the canonical basis for this Lie algebra L =A\
we choose
8
012 = 021 =
0 0 
1 0
In the case I = 2, that is, in the 3x3 case, we have the
following basis for Ai:
A AA
012 =
0 0 1 
0 0 0 
0 0 0
0 0 0 
0 0 1 
0 0 0
0 1 0 
0 0 0 
0 0 0
, 013 = , 023
J J
/ 1 0 0 A 
0-10 
0 0 0 )
V
A
J
0 0 0
0 1 0 
^00-1
=
/ o o o \
1 0 0 
0 0 0
, 031021 =
J
ooo 
0 0 0 
1 0 0
A0 0 0 
0 0 0 
0 1 0
032 =
JJ
Clearly this spans the set, and there are 32 - 1 =8 elements. 
Note that we distinguish the basis elements that have
nonzero entries only on the main diagonal. The diagonal
elements hi form a special subset of each basis. In fact,
for each I, the subset {/Z(}i<,'</ of Ai forms the basis of what
is called a Cartan subalgebra H. It is easy to check that H
is an abelian subalgebra of Ai and it can be shown that H is
a maximal abelian subalgebra of A; in general, where H is 
spanned by {h,- = e,-,- - 0,+ii,+i}i<,<z ■ For a semisimple Lie algebra L 
over C all maximal abelian subalgebras are isomorphic. The
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dimension of a Cartan subalgebra H is called the rank I of
the Lie. algebra L.
We want, in particular, to describe the unitary groups
in Lie terms, and for this we introduce a construction that
demonstrates how each classical group is related to a
classical Lie algebra. Recall that GLn(V) the general linear
group is the set of all invertible nxn linear
transformations taking the vector space V to itself. GLn(V)
is closely related to the Lie algebra the set of all
nxn matrices (endomorphisms) under adjoint multiplication.
Similarly, SL„(V), the special linear group of endomorphisms 
of determinant 1, is related to sl„(V) the special linear
algebra, which is the set of endomorphisms of trace 0.
Relating this notation with that used above, we have
A/ sl/+](H). We refer to sIm(V) as the natural representation
of the algebra, and these matrices are found in Appendix B.
The relation between a classical group and its Lie
algebra is determined by the exponentiation functor. We will
refer to it generically as the adjoint construction.
Appendix A details what is meant by ad x and the exponential
of a matrix exp x. Referring to those descriptions, we have
the following theorem, from Carter pp. 65-66. However, we
must first define a term used in the theorem.
10
A linear map 8 of L into itself satisfying 
8[yz] = [8y,z] + [y,8z], where y and z are in L, is called a 
derivation of L. (Note the similarity between this
description and the familiar product rule for
differentiation of functions.)
Theorem 1: Let L be a simple Lie algebra over C and
suppose we have a representation of L by matrices under Lie
multiplication. Suppose y eL is represented by a nilpotent
matrix. Then ad y is a nilpotent derivation of L and
exp (ad y).x = exp y.x. (exp y)_1
for ail xeL. Thus the image of x under the automorphism
exp (ad y) is given by transforming by exp y.
Proof: We have
ad y.x = [yx] =yx-xy,
,x = y (y2x - 2yxy + xy2).
We show
(ad y)k 
k\ =E
i, j 
i+j=k
x y x^yy
This is true' for k= 1, 2 and we prove it by induction.
Assuming the above formula, by induction we have:
11
(ad y)**1 _ ,
(ft+1)! X ft+1
j
i+j=k
y " (-D ( m+n \4-J m! A «! \ ft+1 J
m, n 
m+n=k+\
y'" „ (-?)"= y ZLX.
A-t ,n\ A „! •
w, n 
m-rn=k+\
Now y is nilpotent and so ((ad y)k/k\)x = 0 for sufficiently 
large values of k. Thus ad y is a nilpotent derivation of L.
Also we have
exp (ad y).x =]£ x
ft=0
=E 52 T-
k=0 >, j
i+j=k
y' „ (,-yy
=E E YY
i=0 7=0
=exp y.x. (exp y)_1 . ■
We now look at a tangible example of this theorem. Let
J> = ei2, let x = ^21 and let L = A\. According to the basis
matrix in Appendix A, 621 =
V 1 J
. So we have
12
and
exp (ad ei2).e2i =
( i -2 -i A A o A 
0 1 1
A° 0 1 AV
1 0 1 f _1 i
0 = l
V i )
exp ei2.e2i.(exp 012) -l 1 1 
0 1
0 0 
1 0
1 -1
0 1
1 1 
0 1
0 0 
1 -1
But ' j | I = “012 + h + 02i, which agrees exactly with
<-i A
, according to the aforementioned basis
V 1 J
Recall that the special linear group SLn{V) is the
subgroup of all n x n matrices of determinant 1 over V. The
projective special linear group PSLn(V) is the group obtained 
by factoring by the scalar matrices in SL„(V). (For the
reader unfamiliar with this terminology, consider the center
Z of the general linear group GL„(P). These are the
transformations of the form T(x) = Zx for Z a nonzero element 
of V. The intersection of this center with SLn(V) are
therefore the scalar matrices of determinant 1.)
We can use the above theorem to show the following
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proposition; both the statement and its proof are found in
Carter, page 67.
Proposition 1: A\(K) is isomorphic to PSLAJJ).
Proof: We first apply the previous theorem to the Lie
algebra A\ over C. If f is in C, we have
ei2(£).x = exp (£ei2).x.exp (£ei2)_I,
e2i(O.x=exp (£e2i).x. exp (^e2i)_1 .
We now pass to the Lie algebra Lk for an arbitrary
field K. Lk is isomorphic to the Lie algebra of 2 x 2
matrices over K of trace 0. The Chevalley group L(K) is 
generated by the elements £i2(7) and e2i(/) as t runs through K. 
Now e\2(t) is given
and e2i(Z) is given
by transformation by
1 t 
0 1
exp i2)
by transformation by
exp (te2]) = 1 0 
t 1
But the matrices
1 t 
0 1
and 1 0 
t 1
generate SZ2(A~) as t runs through K. (A proof of this fact is
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found in Carter, section 6.1.) Thus there is a surjective
homomorphism
SL2(K) A\(K)
under which the image of m in SL2(K) is the automorphism 
x —+ mxm~x of Lk • Under this homomorphism we have
The kernel of the homomorphism consists of all m in SL2(K) 
such that m commutes with all x in Lk, and this is easily 
seen to be i±h} ■ Thus Ai(K) is isomorphic to PSL2(K). ■
As- Carter demonstrates in Section 11.3, this procedure
actually generalizes as follows. Let G be the group of 
matrices generated by the elements exp (/e,y) for all t in K.
Then
exp (ad tejj).x = exp (te,y).x. exp (tej,)-1
for all x in Lk- This gives us a homomorphism a of G onto
G = L(Jf) such that
exp (te,j) exp (ad tey).
The kernel of this homomorphism turns out to be the center Z
of G.
Theorem 2: Ai(K) is isomorphic to PSLi+\(JC) .
Proof: Let G = Ai(K). Then G is the group of (/+ 1) x (/+ 1)
15
matrices generated by
I+teih(i #=;)
for all t in K. These matrices generate the group SL/+\(K).
This gives us
G = G/Z ~ PSLm(K). b
Because these basis matrices are nilpotent (A”=0) for n =2,
the root elements of G are identical to exp (fey), which are
in Appendix B.
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CHAPTER THREE
ROOT SYSTEMS
We can express the Lie algebra L = A/ as the direct sum 
Ai = H®^2Ceij. This direct sum of the Cartan subalgebra with 
the spans of the other basis elements is called the Cartan
decomposition of A/. All Cartan subalgebras of a given Lie
algebra are isomorphic, so this decomposition depends on the
choice of H. Thus with the standard choice of H, the
elements are the standard basis elements. Note that each
Ce,j- is a one-dimensional subspace of Ai. These one­
dimensional subspaces can be associated with
La = {x e L’.\h,x\ = a(h)x for all h in //}, where a is an element
in H*, the dual space of H. Recall that the dual space of H
is the set of linear functionals taking H to C. We now look
at what this means in the case L =Ai. The diagonal elements
H are linear combinations of the basis elements h\ and A2 •
Since a is a linear functional, we can describe its action
on the algebra by looking at its action on the basis
elements. We have the following:
[/z,,ei2] = 2en, [/*i, 021 ] =-2021 z 
[/LJn] = £13, \h\,C3\\ = —<231,
[^1,023] = —023 z [^1,032] = 032 z
[^2,012] = -ei2z 
[7*2,013] = £13, 
17*2,023] = 2^23 z
[/*2,02l] = 021 z 
[7*2,03l] = “031 z 
[/72,032] = -2032
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So 0]2 is in La, where a is the linear functional defined by
a(/?i) = 2 
a{hz) = -1.
Likewise, 023 is in Lp, with defined by
/W = -l 
/W> = 2.
The two functionals a and span H*, so it is customary 
to write ha for h\ and hp for hi. It is clear from the table 
above that 013 = [012,^23] is in La+p, and that 0,y in La means 
that Cjj is in L-a. The set of linear functionals for which La
is nonempty are the roots of L. Note that the zero
functional is a root, since Lq = H. Let <D> denote all the
nonzero roots of A2. Then = {a,/?, a +/?,-a,-/?,-a - . In this
context, the Cartan decomposition becomes the root space
decomposition L = Lq © II La. The Cartan subalgebra H is
«G<I>
considered the zero root space Zo of the decomposition
because, since it is abelian, h e Lq, for all h e H. $ is
called a root system of 77*. A root system O of H* has the
following properties:
i) if a is in H* then -a is in H*,
ii) <6 spans H*, and
iii) if a and are in <I>, then (3 — 2(^a) a is in O, (a,/J) a
18
positive definite inner product.
Proposition 2: For all a and ft in H*, \La,Lp) <n La+p.
Proof: This follows directly from property (iii) of
Lie algebras (also known as the Jacobi identity). Let x be a
member of La and let y be a member of Lp, with h in H. Then
ad
= [|»] + [x[/zy]]
= a(/z)[xy] + P(.h)[xy]
= (« + Pflhflxy]
(Humphreys, 36). ■
Clearly, O is not linearly independent. We take a
subset of which is and call it the fundamental root
system, n. In this case, Tl={a,P}. This gives rise to the 
idea of a positive root system and a negative root system.
The positive root system, <I>+, a subset of <t>, consists of
all the positive roots O+ = {a,P,a + P}, and the negative root 
system O" consists of all the negative roots
= {-a,-p,-a - P}. The order I of II corresponds to the rank of
the Lie algebra.
The root system <I> can be represented in a diagram, but
before that will make sense, we need a symmetric bilinear
form that will make certain computations more attainable
with the representations being used. The Killing form k is
defined as x(x,y) = Tr(ad x ad y) , where TrM denotes the trace
19
of the matrix A. The Killing form is symmetric because for
any two square matrices A and B, Tr(AB) = Tr(BA). This is
useful for computing within the root systems.
We are now ready for the rest of the proposition
stated above. We have seen that for all a and in H*,
\La,Lp\ <r La+p. It can be shown that If x is in La, a =£ 0, then 
ad x is nilpotent. Also, if a, and are in H*, and a +
then La is orthogonal to Lp, relative to the Killing form k
of L (Humphreys, 36).
Let (j) be an element of H*. Then there is a unique 
element t</, such that for all h in H. This element
allows us to associate H with H*. In particular, collect
all such elements together as {Za:aeO}. This set corresponds
to <I> itself. Let us find ta. It can be shown that for a in
<J>, x in La and y in L-a, [x,y] = K(x,y)ta. This allows us to
compute ta directly. For example, let x = e\2- Then y = e2i, and
we have [x,y] = ha. But on the right hand side, we have 
k(ei2,e2i) = Tr(ad e]2 ad e2i) = 6. Hence, ha = 6ta, or ta = j-ha.
Because (it can be shown that) the restriction of the
Killing form to H is nondegenerate, we can make an
association between H and-H* as follows. Let y and <5 be in
H*. Then (y,S) = K(t7,ts). The computation fi - a from above
20
Likewise,
Hence
becomes B—^y-^^-a. To see this in practice, we perform this 
computation for a = en and /? = e2i as above. We have ta = pha 
and tp = ^rhp, so K(ta,tp) = K(±-ha, php). Since the Killing form is 
bilinear, this becomes
= -±-K(ha,hp) = (-6) = —1-.
fc(/ada) = ~ "36"(12) = "j"’
= = -l. so we have [3 - = P + a, satisfying
Jja,ta} K {a,a} t' ' J 3
property (iii) of root systems. This gives us a complete
association of (L,H) with (O,E), where E is the real
Euclidean space, i.e., our positive definite inner product
(a,j3) is the ordinary dot product.
This association allows us to describe <1> using a
simple diagram. For A\,
is:
2(j3.«)
fa,a)
we have <X> = {a,-a}, so our diagram
-a
The diagram associated
a
to A2 is:
21
pWe are interested in reflections of these diagrams.
The formula o~g(jS) = P - a from' above induces a reflection.
In particular, is the reflection in the hyperplane
orthogonal to a.. That is, <ja(fi) = a + P (as noted above),
<7«(a) =-a, and <7g(-j3) = -a - P. The group of all such
reflections is called the Weyl group and is denoted W.
We can encapsulate the information about the Lie
algebraic structures in simple diagrams, called Dynkin 
diagrams. We saw above that for a and ft in Ai, 2^"- =-1, and 
a similar computation gives us 2^^ = -1 . These numbers,
called the Cartan integers determine the structure of the
Dynkin diagrams. Let be the angle between two roots, a,-
and aj. Then referring to the geometric meaning of
product, we have (a,-,a7) = (c£,-,a,)I/2(a7,a7)1/2 cos 0,7. From
get 4cos2 (?,■,■ = 2(a,’aA . 2^’g,) . Referring to the number (a,-,a,)
Ay, this becomes 4cos2 6y = AyAjj, which we can call
A,j =-1 for elements of A2, we have ny = 1. This represents
the dot
this we
V—V as (a,-,a,)
nn. Since
22
the number of bonds that join together two roots in the
Dynkin diagrams that follow. The nodes represent the
fundamental roots of each respective Lie algebra.
The Dynkin diagrams for A/, l<4 are as follows:
Ax o
a2 kJ
a2 r\kJ kJ
a4 o---------------- ----------------u
23
CHAPTER FOUR
THE TWISTED GROUPS
We have spent some time now discussing the Lie
algebraic structure of these simple groups. As a summary, we
now list the positive root systems of Ai for / = 1,2,3,4.
A\ : 4>+ = {a}
A2 ■ O+ = {a,p,a + P}
A3 : = {a,P,y,a +p,p+y,a +p + y}
Ai : <t>+ = {a,p,Y,8,a + P,p + 7,7 + 8,a + P + Y,P + Y + 8,a + P + 7 + 5}
Recall that we have associated the positive root systems
with the elements of the algebras as follows: in the case
A], we have a->ei2. In the A2 case, we have a -> ei2, P -+ e23, 
and a + jS-*ei3. The correlations for when 1 = 3 and 1 = 4 are
similar.
It is the goal of this project to identify these Lie
groups with the classical representation of the unitary
groups. By associating certain nodes of the Dynkin diagrams
with each other, we obtain diagrams that correspond to
subgroups called twisted groups. These twisted groups,
depending on their underlying Lie algebras, are associated
with certain classical groups. In particular, twisting the
diagrams for A/ yields the unitary groups. Before we get to
that, we discuss the Chevalley groups. Let er denote a
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member of <J>. Then x,(t) = exp (ad ter), (t in C) as in Appendix
A. For example, xa(/), for ea in Ai is
xa(f) = exp (ad tea) =
( 1 -It -t1 A 
0 1 t
v ° 1 J
Note that
xr(h).xr(/2) = exp (ad he,-).exp (ad t2er) = exp (ad (A + = x,-(ti + t2)
These x,(/) generate the Chevalley groups, which turn out to
be groups of automorphisms of the Lie algebra. Two important
subgroups are generated by considering all er in either
or ®~. Letting er run through all of O+ gives U.
Technically, U is the unipotent subgroup of a Chevalley
group G generated by the positive root subgroups. U~,
sometimes referred to as V, is the corresponding subgroup
generated by the negative root subgroups. It should be noted
that the Chevalley group G = L(K) of type L over the field K
depends on the algebra over which it is defined.
Additional automorphisms of G can be determined from
the Dynkin diagram of L. A symmetry of the Dynkin diagram
can be described as a permutation of the nodes that
preserves the diagram as a graph. For the diagrams
represented in Chapter 3, we can visualize the symmetry as
essentially the mirror image of each diagram. Clearly, the
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symmetry for A] is trivial. In the case L=A2, we simply
interchange the end nodes. The same is true for A3, since
the center node is associated with itself. For A4, we
interchange the end nodes, and we interchange the two
interior nodes. These symmetries decompose the fundamental
roots into orbits—collections of the roots that are
invariant under the symmetry. This means that for A\ and A2,
the only orbit is II itself. (Recall that the nodes
represent fundamental roots.) The orbits of A3 are {«,/} and 
. Likewise, the orbits of A4 are {a,8} and {/?,/}. These
so-called twistings result in the following diagrams of the
Weyl groups associated to the algebras:
The subscripts I now have a different meaning. When
I = 2k- 1 is odd, we now have Ai = A2k-\, and when I = 2k is even,
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we have A/=A2k- The number k is called the rank of the Weyl
group. Hence, the Weyl groups associated to A\ and A2,
respectively, are rank 1, and those associated to Ay and A$
are rank 2.
The notation 'L(JF) is used to denote these twisted
groups, where z is the order of symmetry of the diagram. In
the case L=At, i = 2, since these are obtained essentially by
reflection. Hence, we denote these twisted groups of the Lie 
algebra Ai(K) by 2Ai(K). -
Though these diagrams collapse information, that
information is not lost. We will now explore what happens to
the group structure under this twisting action. This
symmetry of the Dynkin diagrams extends linearly to the
whole root system. The equivalence classes of the root
system under this action give rise to orbits. A typical
orbit of roots will be denoted by S. Because the fundamental
root system consists of positive roots, orbits are
determined by looking at O+. Corresponding orbits exist for
ON Now we will classify orbits for A/, 1= 1,2,3,4. The case
for Ai is trivial: since A\ has only one fundamental root,
S= {a}. A2 has one orbit of fundamental roots, {cc,P}- 
However, since a + fi is also a root, we can consider {a + /!} as 
a suborbit of the invariant set {a, P, a + /?}. Referring to the
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diagram of the root system for A2 (page 21), we find that if 
a and ft are interchanged, a + P remains fixed. Hence, to 
completely characterize what happens to <t>+ under this
twisting action, the orbit we actually obtain is
5= + ft}-, since we want collections of roots that remain
invariant under twisting.
For L — A3, the fundamental orbits are and {py.
Interchanging a with 7 and leaving P fixed gives the
following orbits:
S'] = {a, 7},
s2 = {py,
S3 = {a + P,P + 7}, and 
s4 = {a + p + 7y.
Finally, for L = A$, the collections of roots that remain
invariant under the above twisting are
51 = {a,sy,
52 = {P,r,P + yy,
53 = {a + P,y + 8,a + P + y + Sy, and
54 = {a + P + y,P + y + 8y.
We now have partitions of the various root systems.
Each equivalence class S has a geometric structure, but we
are more concerned with the subgroups generated by the
adjoint representations of the various equivalence class.
Multiplying within the equivalence classes gives us the
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adjoint representation of certain classical groups.
According to Carter (page 268), 2Ai(K) is isomorphic to 
PSUi+i(K'). Hence we will obtain, by multiplying within these 
equivalence classes, the adjoint representation of PSUi+\(K).
Carter also gives us specific formulae for this
multiplication, based on the type of equivalence class
(233-234) . Let 5 be an equivalence class of <J>, and let 
denote a root subgroup of the twisted group 2Ai(K} PSU;+\(K). 
Let "r denote the image of the root r under the twisting
action of the group. Then is as follows:
i) If S = {r} has one element, then Xj consists of the 
elements x,.(z) with Z = T (where T denotes the image of Z under
the order two automorphism on K) ;
ii) If S={r,T} has two elements, then Xls consists of 
the elements x,(Z)xy(T) for all Z in K; and
iii) If S{r,X,r + T} has three elements, then Xls consists 
of the elements x,-(Z)xr(T)xr+-(w), where u + H = -Nr,-t t . Nr^, 
called a structure constant, is the scalar multiple obtained
by the adjoint action of r with T. (For example, in Ai,
[^12,^23] = e,3, so Nei2;e23 = 1, the coefficient on £13.)
As our association of <?i2 with a and e?3 with
suggests, these Greek letters, which represent fundamental
roots, are associated to elements e,;,+i, 1 </</+!. This holds
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for all the Ai under consideration. Moreover, the properties
of root structures give us that, for a = ers and ft = est,
a + P = es/. Using this relation, together with the above three
classifications, we obtain the adjoint representations of 
%(C) in Appendix C.
We turn our attention now to the case K = GF(32), the
Galois field of nine elements. Let Q be a root of the
irreducible quadratic t2 + 1 =0 over the field {0,1,-1} of three
elements. Then the extension field is
GF(32) = <0,1,-1,9,9 + 1,0- 1,-0, -9 + 1,-9- 1}.
The order two automorphism over this field is T = C'. Though 
all of the above results apply to this field, we will limit
our discussion to the case L = A$. Because of the size of the
matrix representations involved, we will consider only the
equivalence class S3 = {P,7,P + 7}. Recall that the root 
subgroup generated by S3 is given by xr(/)x-r (T)xr+-(zz), where 
u + H = -fT. Since T = t3, this relation becomes zz + w3 = -/4. The
following table gives possible w-values for specific
/-values .
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t u
0 O,0,-0
1 -1,0-1,-0-1
-1 -1,0-1,-0 -1
e -1,0-1,-0-1
0+1 1,0+1,-0 +1
0-1 1,0 +1,-0 +1
-9 O,0,-0
-0 + 1 1,0+1,-0 +1
-0-1 1,0+1,-0 +1
Since each /-value has three possible w-values, this root
subgroup has 27 elements. In general, the order of this 
group will be q3, and its center will have order q. We will 
give one element of this subgroup, that where t=6, and we 
will use u = 6—\. In this field, 93=-0, so xr(/)xy ( / )xr+y (w)
becomes
xp(9)x7(-9}x[3+7(9 - 1)
= exp (ad 0e23)-exp (ad -6234). exp (ad (0-1)224),
the representation of which is on the next page.
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1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O')
-e l 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-0 e 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 e 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 e 1 0 e 0 0 0- l -0- 1 -0-1 0 0 0 0+ 1 0 0+ 1 -1 0 0 0 0
0 0 0 0 0 0 1 0 e e 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 -e -0 -0 0 0 1-0 0 -0- 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 -e 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0— 1 —0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 -0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 — 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1—0 0 L
APPENDIX A
ROOT ELEMENTS OF A/(K), I < 4, ADJOINT REPRESENTATION
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We explain the format of this appendix by using A\
an example. Our basis elements are:
as
0 1 \ / 1 0 \ ZOO
ei2 = | , h = , and e2i =
0 0/ \ 0 -1 / \ 1 0
We obtain our adjoint matrices as follows: [x,y]=xy-yx.
Hence,
[^12,^12] = 0,
[ei2,//] = -2ei2,
[^12,^21] = h.
Taking
f en A
12
h as our ordered basis, we designate
pi 4-21
0 - 0 , — 2e,2 -> 0 , and h ->■ 1
V J k 0 >
v y
to obtain
ad ei2 =
A 0 -2 0 A 
0 0 1 
A 0 0 0 j
Similarly,
ad h =
A 2 0 0 A 
0 0 0 
A 0 0 -2 )
and
\ e21 J
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ad 021 =
( 0 0 0 \
-10 0.
0 2 0 J
By using the formal definition of exponentiation, we obtain:
exp (ad ten)
= /+ad ten + ad (ten)2 + yy ad (ten)3 +...
( 1 -It -t1 
0 1 t
V 0 1 )
(
Likewise, we find that exp (ad te2i) =
1 0 0
-t 1 0
-t1 2t 1
We do not
\ 1 J
consider exp (ad th) because h is not nilpotent.
Basis elements:
012 =
f o l o A t 0 0 1 ) I 0 0 0 \
0 0 0 , ^13 = 0 0 0 , 023 = 0 0 1
\ 0 0 0 } I 0 0 0 J < 0 0 0 /
^10 0^ f 0 0 0 f 0 0 0 A
Ai = 0-10 , h2 = 0 1 0 , 021 = 1 0 0
J 0 0 0 y V 0 -1 ) 0 0 0 J
( 0 0 0 A A 0 0 0 A
031 = 0 0 0 , 032 = 0 0 0 ■
V 0 0 ) V 1 0 )
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Ordered basis: e12 013 023 h\ /?2 021 £31 £32 J- (The transpose
is used here only to conserve space. Its use is vertical as
in Ai.) Adjoint representation:
ad 012
ad 013
ad 023
f 0 0 0 -2
0 0 10
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
A 0 0 0 0
A 0 0 0 0
0 0 0 -1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
^ 0 0 0 0
A 0 0 0 0 
-10 0 0
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0
^0000
1 0 0 0 A
0 0 0 0
0 0 0 0
0 10 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0-10 )
0 0 0 1 A
-10 0 0 
0-100 
0 0 10 
0 0 10 
0 0 0 0 
0 0 0 0 
0 0 0 0 )
0 0 0 0 A
0 0 0 0
-2 0 0 0
0 0 0 0
0 0 0 1
0 0 10
0 0 0 0
0 0 0 0 )
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ad h\ =
ad h2 =
ad 221
<200 
0 1 0 
0 0-1 
0 0 0 
0 0 0 
0 0 0 
0 0 0
^000
<-100 
0 1 0 
0 0 2 
0 0 0 
0 0 0 
0 0 0 
0 0 0
^000
A 0 0 0 
0 0 0 
0 1 0
-10 0 
0 0 0 
0 0 0 
0 0 0
^000
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
2
0
0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0-2 0 
0 0-1 
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0-1 
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
-10 0 
0 0 0
0 0 0
0 <
0
0
0
I
0
0
0
1)
0 <
0
0
0
j
0
0
0
-2 J
0
0
0
0
0
0
-1
0 )
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A 0 0 0 0
0 0 0 0
0 0 0 0
0-100 
0-100 
0 0-10 
0 0 0 1
^10 0 0
<0-10 0 
0 0 0 0
0 0 0 0
0 0 0 0
0 0-10 
0 0 0 0
0 0 0 0
^ 0 0 0 -1
0 0 0 0 \
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0
10 0 0 
0 0 0 0 )
0 0 0 0 A 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 10 0 
2 0 0 0 J
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Exp (ad ter):
A
exp (ad ten) =
A
A
i
0
0
0
0
0
0
0
0 0 -2/ t -t2 0 0
1 / 0 0 0 0 0
0 1 0 0 0 0 0
0 0 10/00
0 0 0 1 0 0.0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 -/1
A
t
exp (ad tei3) =
A
A
exp (ad te23) =
A
10 0 0 
0 1 0 
0 0 10
0 0 0 1 0 
0 0 0 0 1 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0
0 0 0 /
-/ 0 -/2 0
0-/00 
0 / 0
0 / 0
1 0 0
0 1 0
0 0 1
1 0 0 0. 0
-/ 1 0 0 0
0 0 1 / -2/
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0
0 0 0
0 0 -/2
0 0 0
0 0 /
1 / 0
0 1 0
0 0 1
J
A
z
J
A
z
J
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exp (ad /e2i)
exp (ad fe3i)
exp (ad /e32)
A 10 0 0
0 10 0
0 t 1 0
-t 0 0 1
0 0 0 0. 
-t2 0 '0 2/ 
0 0 0 0 
0 0 0 0
A 1 0 0 0
010 0 
0 0 10
0-/01 
0-/00 
0 0-/0 
0 -/2 0 / 
p / 0 0 0
A 1 -/ 0 0 
0 10 0 
0 0 10 
0 0 0 1 
0 0-/0 
0 0 0 0 
0 0 0 0 
0 0 -t1 -t
0 0 0 0 A 
0 0 0 0 
o o o o 
0 0 0 0 
10 0 0 
-/ 1 0 0 
0 0 1-/
0 0 0 1 J
0 0 0 0 A
0 0 0 0
0 0 0 0
0 0 0 0
10 0 0
0 10 0
/ 0 1 0
0 0 0 1 J
0 0 0 0 A 
0 0 0 0 
0 0 0 0 
0 0 0 0 
10 0 0 
0 10 0 
0/10 
2/001 J
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A3:
Basis elements:
< 0 1 0 0 A
0 0 0 0
0 0 0 0
y 0 0 0 0 y
< 0 0 0 0 A
0010 
0000
£i2 =
623
y 0 0 0 0 J
f 1 0 0 0 A
0-100 
0 0 0 0
y 0 0 0 0 y
f 0 0 0 0 A
1000 
0000
y 0 0 0 0 y
< 0 0 0 0 A 
0000 
0000
y 1 0 0 0 y
Ordered basis:
Ai =
£21 =
241 =
213 =
224 =
a2 =
231 =
£42
< 0 
0 
0
V
< 0 
0 
0
V
< 0 
0 
0
V 0
< 0 
0 
1
V
< 0 
0 
0
V
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
1
1 0 \ 
0 0
0 0 ' 
0 0 y
0 0 A 
0 1 
0 0 
0 0 y
0 0 A 
0 0 
-1 0 
0 0 y
0 0 A 
0 0 
0 0 
0 0 y
0 0 A 
0 0
0 0 ' 
0 0 y
£14
£34
a3
£32
e43
< 0 0 0 1 
0 0 0 0 
0 0 0 0 
y 0 0 0 0
< 0 0 0 0 
0 0 0 0 
0 0 0 1 
y 0 0 0 0
< 0 0 0 0 
0 0 0 0 
0 0 10 
y 0 0 0 -1
< 0 0 0 0 
0 0 0 0 
0 10 0 
y 0 0 0 0
< 0 0 0 0 
0 0 0 0 
0 0 0 0 
y 0 0 1 0
£12 £13 £14 £23 £24 £34 h\ h2 A3 £21 £31 £32 £41 £42 £4:
3)
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Adjoint representation:
ad en
ad en
< 0 0 0 0 0 0 -2
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
^000000 0
<0000000 0 
0 0 0 0 0 0 -1 -1 
0 0 0 0 0 1 0 0 
0000000 0 
0000000 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0 
000000 0 0
^000000 0 0
1 0 0 
0 0 0 
0 0 0 
0 0. 0 
0 0 0 
0 0 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0
0 0 0 0 0 <
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
-1 0 0 0 0 
0 0 0 0 0 
0 0-100 
0 0 0 0 0 J
0 0 0 1 0 0 0 < 
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 -1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 00 -1 00 J
42
ad ei4
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 -1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
ad 623
0 0 0
-10 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 1 
0 0 10 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0
0 0
0 0
0 -1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
-2 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0 0 0 1 0 A
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
-1 0 0 0 0 0
0 -1 0 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 )
0 0 0 0 0 0 A 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 1 0 0 0 
0 0 0 0 0 0 
0 1 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 -1 0 )
43
ad e24
ad £34
f 0 
0
-1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0
<0
( 0 0 0 0 
0 0 0 0 
0-100 
0 0 0 0 
0 0 0 -1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0
0 0 0
0 0 0
0 0 .0
0 0 0
-1 -1 0
0 0 0
0 0 0
0 0 0
0 0.0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 -2 0 
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 A
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0-1000 
0 0 0 0 0
0 0 0 1 0
0 0 0 1 0
0 0 10 0 
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 J
0 0 0 0 0 A
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 .0 000 
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
00100 
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 )
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Aad hi =
A
A
ad h2 =
A
2 0 0 0
0 10 0
0 0 10
0 0 0 -1
0 0 0 0
.0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
-10 0 0
0 10 0
0 0 0 0
0 0 0 2
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
o o 
0 0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
0 0
0 0
0 0
,0 0
-1 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
1 0
0 -1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0-200 
0 0-10 
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 10 0 
0 0-10 
0 0 0 -2
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 A 
0 0 0 
0.00 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0
-10 0 
0 1 0 
0 0 0 J
0 0 0 A 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0-10 
0 0 1 J
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ad h3 =
( 0 0 
0 -1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
^00
ad 021
0 0
0 0
0 0
0 1
0 0
0 0
-1 0
0 0
0 0
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ad e43
< 0 0 0 0 0
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Exp (ad /e,):
exp (ad feu)
exp (ad feu)
< 1 0 0 0 0 0 -2// 
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exp (ad /e2i) =
exp (ad tey\) =
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4exp (ad /e42) =
V
A
exp (ad ^43) =
A
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A4:
Basis elements:
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y i o ooo^ Y 0 0
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042 = 0 0 0 0 0 z 043 = 0 0
0 10 0 0 0 0
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<' £51 =
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0 0 
0 0 
0 0
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0 0 0 0 0
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ei2 <
613
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eis
^23
624
625
Ordered basis:
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Adjoint representation:
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0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1 J
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653
<10 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0
<000
0 0 0 
-zoo
0 0 0 
1 0 0
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0
0 0 0 
0 0 0 
0 0 0 
0 0 0
-zoo 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 -z 
0 0 -z 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 -z2 
0 t • 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 10 0 0 
0 0 10 0 
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
-Z 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 -z z z
0 0 0 0 0
0 0 00000 0 00< 
000 0000000 
0000000000 
0000000000 
0000000000 
0000000000 
0000000000 
0000000000 
000000 0000 
0000000000 
0000000000 
0000000000 
0000000000 
000 0000000
1000000000 
0100000000 
0010000000 
0001000000 
0000100000 
0000010000 
0/00001000 
00/0000100 
0000000010 
0000000001 y
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254
A 1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 -/ 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 —/
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
^0000000
00 0 00 0 00
0 0 0 0 0 0 0 0
00 0 00000
00 0 00000
00 0 00000
00 0 00000
00 0 00000
1 -Z 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 -Z 0 0 0 1 0
0 0 0 0 0 0 0 1
00 0 00000
00 0 00000
00 0 00000
00 0 00000
00 0 00000
00 0 0 0 000
00 0 00000
00 0 00000
0 0 -Z2 0 0 -t 2t 0
oooooooooA 
0000 00 0 00 
000000000 
000000000 
000000000 
000000000 
000000000 
000000000 
00000 0000 
000000000 
000000000 
000000000 
000000000 
000000000 
000000000 
100000000 
010000000 
001000000 
000100000 
000010000 
0 0 Z 0 0 1 0 0 0 
0 0 0 Z 0 0 1 0 0 
0 0 0 0 t 0 0 1 0
000000001 J
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APPENDIX B
ROOT ELEMENTS OF Ai(K), I <4, NATURAL REPRESENTATION
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A\z Referring again to the formal definition of the
exponential function, we find exp ten =
exp /e2i
and
A1 / o A Z 1 0 / A
A2 : exp te j2 = 0 1 0 , exp /ei3 = 0 1 0
I 0 0 1 } I 0 0 1 7
A 1 ° ° A A1 ° ° a
exp /e23 = 0 1 / , exp /e2i = / 1 0
I 0 0 1 ) I 0 0 1 7
A 1 ° ° A A1 ° ° A
exp Ze3i = 0 1 0 , exp ten = 0 1 0
I / 0 1 > I 0 / 1 7
A 1 / 0 0 a A 1 0 / 0 a
0 10 0 0 10 0
/<? 12 = , exp /ei3 =
0 0 10 0 0 10
^ 0 0 0 1 J ^0001 7
A1 0 0 / a A1 0 0 0 a
0 10 0 0 1/0
/ei4 = , exp /e23 =
0 0 10 0010
I 0 0 0 1 j I 0 0 0 1 )
te24
A 1 0 0 0 A 
0 10/
0 0 10
A o o o i a
exp /<2 34
A 1 0 0 0 A 
0 10 0 
0 0 .1 /
A 0 0 0 1 a
105
f 1 0 0 0 ) f 1 6 0 0 A
/ 1 0 0 0 10 0
/221 = , exp Z<2 31 =0 0 10 / 0 1 0
^ 0 0 0 1 J \ 0 0 0 1 /
exp ten =
exp ten =
< 1 0 0 0 A 
0 10 0 
0/10
y o o o l J
< 1 o o 0 
0 10 0 
0 0 10
V
exp fe4i =
exp ten =
< 1 0 0 o A 
0 10 0 
0 0 10
y / o o i y
< 1 o o o A 
0 10 0 
0 0 10
A4 : exp fen =
/ 0 1 y y 0 0 ' 1 J
< 1 / 0 0 0 A C 1 0 / 0 0 A
01000 0 10 0 0
00100 , exp fei3 = 0 0 10 0
00010 0 0 0 1 0
\ 0 0 0 0 1 ) ^ 0 0 0 0 1 )
exp fen =
exp /223 =
< 1 0 0 / 0 A 
0 10 0 0 
0 0 10 0 
0 0 0 1 0
^ 0 0 0 0 1 J
f 1 0 0 0 0 ^ 
0 1/00 
0 0 10 0 
0 0 0 1 0
^ 0 0 0 0 1 J
exp /eis =
exp /224 =
( 1 0 0 0 /^
0 10 0 0
0 0 10 0
0 0 0 1 0
^ 0 0 0 0 1 J
( 1 0 0 0 0 ^
0 10/0 
0 0 10 0
0 0 0 1 0
^ 0 0 0 0 1 J
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f 1 0 0 0 0 ^ y i o o o o y
0 10 0/ 0 10 0 0
exp te2s = 0 0 10 0 , exp /e34 = 0 0 1/0
0 0 0 1 0 0 0 0 1 0
^ 0 0 0 0 1 ) y 0 0 0 0 1 )
( 1 0 0 0 0 ^ y i o o o o y
0 10 0 0 0 10 0 0
exp /635 = 0 0 10/ , exp /e45 = 0 0 10 0
0 0 0 1 0 0 0 0 1 /
^ 0 0 0 0 1 J ^ 0 0 0 0 1 )
y i o o o o y y i o o o o y
/ 1 0 0 0 .01000
exp /e2i = 0 0 10 0 , exp /e3i = / 0 1 0 0
0 0 0 1 0 0 0 0. 1 0
^ 0 0 0 0 1 J ^ 0 0 0 0 1 J
y i o o o o y y i o o o o y
0 10 0 0 0 10 0 0
exp te22 = 0/100 , exp /e4i = 0 0 10 0
0 0 0 1 0 / 0 0 1 0
^ooooi y y o o o o i J
y i o o o o y f i o o o o y
0 10 0 0 0 10 0 0
exp te42 = 0 0 10 0 , exp /e43 = 0 0 10 0
0/010 0 0/10
y o o o o i j y o o o o i J
r
t
t
t
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< 1 0 0 0 0 A Y 1 0 0 0 0 A
0 10 0 0 0 10 0 0
exp te5i = 0 0 10 0 , exp /052 = 0 0 10 0
0 0 0 1 0 0 0 0 1 0
t 0 0 0 1 J ^0/001 )
Y 1 0 0 0 0 ^ Y 1 0 0 0 0 A
0 10 0 0 0 10 0 0
exp /053 = 0 0 10 0 , exp /054 = 0 0 10 0
0 0 0 1 0 0 0 0 1 0
<00/01 ) < 0 0 0 / 1 }
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APPENDIX C
ROOT ELEMENTS OF 2Ai(K), I <4, ADJOINT REPRESENTATION
109
Ay. S = {a}. The elements xa(t) are simply exp (ad ten), with 
t=X. For t in C, this means .that t is a real number. Hence,
the root subgroup X$ associated to S is generated by
exp (ad ten) =
-It
1
0
-t2
t r
1 )
1
0
0
with t in R.
Ay. S = {a,fi,a + ft} has three elements. The constraint 
u + H = -tX with K = C means that u is of the form u = —-^- + ib, 
where b is an arbitrary element of K. Therefore, X$
consists of elements of the form
x„(/)x/3( t )xa+p(--^- + ib)
= exp (ad te 12). exp (ad t e23). exp (ad (—t-j- + z'6)ei3)
1 0 0 -2t t -t2 -q- - ibt ■^-ib
-X 1 t 3/72 - - ib ~^f--ib ^fl-ibt ^+b2 - ibX
0 0 1 X -2t + ib - ibX -X2
0 0 0 1 0 t ^- + ib 0
0 0 0 0 1 0 + ib X
0 0 0 0 0 1 7 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 -t 1
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A3: S\ = {P}, S2 = {a + p + y} each has one element, so X^ = {exp 
(ad Z£23)z t e R} and X$2 = {exp (ad Ze^), ZgR}. S3 = {a,/}, and 
S4 = {a + P,P + yy each have two elements, so we have
= {exp (ad Zei2).exp (ad Te34), Z e C},
which have the form:
c 1 0 0 0 0 0 -2Z z 0 -z2 0 0 0 0 0
0 1 0 t 0 0 0 0 0 0 0 0 0 0 0
0 -7 1 -tt z 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 -7 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 7 -27 0 0 0 0 0 -72
0 0 0 0 0 0 1 0 0 z 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 7
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 7 0 0
0 0 0 0 0 0 0 0 0 0 -z 1 -ft 7 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 -z 1 0
I 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 y
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= {exp (ad tei3).exp (ad tew) ,t e C}
which have the
A i 
0
-7
0
0
0
0
0
0
0
0
0
0
0
V 0
form:
0 0 0 0 0
1 0 0 0 0
0 1 0 0 z
0 0 10 0 
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0
-Z -Z Z 0
0 0 0 0
0 0 0 -z
7-7-7 0 
0 0 0 0
10 0 0
0 10 0
0 0 10
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 Z 0
-Z2 0 0
0 -ft 0
0 0 -ft
0 0 0
0-7 0
z o o
z o o
0 0 0
0 0 7
1 0 0
0 1 0
0 0 1
0 0 0
o o -z
0 0 \ 
0 0 
0 0 
0 7
-72 0 
0 0 
0 0 
7 0
7 0
0 0 
0 0 
0 0 
0 0 
1 0 
0 1)
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Ay S\ = {a,8} and Si = {a + fi + y,P + y + 8}- each have two elements
so Jfy, is generated by
exp (ad ten).exp (ad tei$) =
Y 1.0 0 
0 1 0 
0 0 1 
0 0-7 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0
<^0 0 0
0 0 0 0 0 
0/000 
0 0/00
1 0 -ft t 0 
0 10 0 0 
0 0 10 0 
0 0-71 0
0 0 0 0 1
00 0 0-7
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0-2// 0 
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 10 0 7
0 0 10 0 
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 -/2 0 0 
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
-27 0 0 0
0 / 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 10 0
0 0 10
0 0-/1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0. 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0
10 0 7
-/ 1 0 -ft
0 0 10 
0 0 0 1 
0 0 0 -/ 
0 0 0 0 
0 0 0 0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
7 0 
0 7 
0 0
1 0 
0 1 
0 0
0
0
0
0
0
0
0
0
0
72
0
0
0
7
0
0
0
0
0
0
0 ,
0
0
1 )
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and Tp is obtained from
exp (ad te 14). exp (ad /e2s) =
< 1 
0 
0
-7 0 0 
0 0 0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
0 0 0 
0 0 0 
0 00
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 / 
0 0 0 0 
0 0 0 0
10 0 0 
0 10 0 
0 0 10 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0
0 0 0
0 0 0
-/ 0 -/
0 0 0
0 0 0
0 0 0
/ 7 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
-/
-/
0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
0 0 0
0 0 0
0 0 -/2
0 0 0
0 0
.0 0
0 0
-/ 0 0
0 7 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
-tt 0
0 -tt
0 0 
0 0 
0 -/
0
0
0
0
0
0
-72
0
0
0
0
7
7
7
0
0
0
0
0
0
0
1
0
0
0 0 
0 0 
0 0 
0 0
7 0 
0 7 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1
0 0 
1 0
0 1
0 0
0
0
0 0
S2 = {P,Y,P + 7} and S3 = {a + P,y + S,a + P + y + 8} each have three
elements, so we consider elements of the form
xr(,t)xT(J)xr+T(u)r where u + H =-Nr,rt t . Np,r is given by 
[e23,e34] = e24, soJ\(5jr = l. Likewise, [e 13,£35] = e 15, so' Na+p>r+s = 1 
Hence, Tp consists of elements of the form
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xp(t)x7( t )xp+r(-£l- + ib)
= exp (ad /e23)-exp (ad Te34).exp (ad (--^- + ib)e2L)
with t in C and b in R.
We also have that X|3 is generated by elements of the
form
xa^i)x7+5(J)xa^5{-+ ib)
= exp (ad tei3).exp (ad Te35).exp (ad (—vy- + ib)e\s),
again with t in C and b in R, The matrix representations of
these elements are found in order, on the next two pages.
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1000000000 0 0 0 0
0100000000 -t -II 0
0010000/00 0 0 0 0
7 0 1 0 0 0 0 z 0 -LL-tb 1~I -li -Zb-
7
0 0
0 0
0 0
0
0 000 1 00000
0 0 00 0 10000
o o oo-7 oiooo
0 000 000100
0 000 000010
0 0 00 0 00001
0 0 00 0 00000
0 0 00 0 00000
0 0 00 0 00000
0 00 0 00000
0 00 0 00000 
0 00 0 00000
0 00 0 00000 
0 00 0 00000 
0 00 0 00000
0 0 00 0 00000
0 0 00 0 00000
0 0 00 0 00000
0 0 00 0 00000 
lo 0 00 0 00000
0
0
0
0
0
0
0
0
0
0
0 0 0
0 0
1 0
0 1
11
I I
£7
2
0
0
-Zb 0
0 0 0 0 0
■ i ib 0 0 0 0
t t 
2
0 
0
0
0
Zb 0
0 -fe 
2
0 0
0 0
0
— 7/2-z 
2
0
zb+ —
Zb I 0
W- Zb2
Zb+—
2
0
>2 Zb .
Zb + i I
0 0 
0 0
0 0
0 0
0 0
0
0
0
0
0
0
'-\2
-zb i
0
0
0
0
-n2
-zb 0 -7
0 0
0 0
zb+—
2
zb+—
2
0 0 0 zb- 11 
2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0 0
0 0
0 0
1 0
0 1
0 0
0. -i
0
0
0
0
0
0
0
0
0 0
0 0
0 0
0 0
0 0
1 0
0 1 
0 0-
0 0
0 0
0 0
Zb-LL
2
0
0
0
0
0
1
0
-i
0
0
0
0
0
0
I
0 
0 
0 
0 
1 ■ 
0 
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0 
0
0 
0 
0 
0 
0 
0 
0 
1
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1 0 0 0
-t 10 0
t I 
2
-Zb
0
0
0
0
0
0
0
0 0 0 0 0 
0 0 0 0 0
-t 1 0
0 0 1
0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0
0
0
0
0
0
-2z
0 0 0 -Z 1 0 z 0 0 Zb-
0 0 0 0 0 1 0 / Zb +
0 0 0 0 0 0 1 0
0 0 0 0 
0 0 0 0
0 0 0 1 
0 0 0 0
0 00 0 0000
0 0 0 0 0 0 0 0
0 00 0 0000
0 00 0 0000
0 00 0 0000
0 00 0 0000
0 00 0 0000 
0 00 0 0000 
0 00 0 0000 
0 00 0 0000 
0 00 0 0000 
0 00 0 0000 
0 00 0 0000
0 00 0 0000
( t 3t i -Zb -Zb- 3r t 
2
11 0
0
0
0
0
0
0
0
-2z
0 0 
0 0
0 0
0 0
0 0 0
Zb+— 0 0
0
0
-Zz
PC
2
- ZZb 0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
-j- I P-ibt 
2
0
0
0
0
Zb+li
2
-Zb Z
2
0
0 0-
0 0
0 0
0 0
0 0
°)
0
0
0
0
0 0 0
z 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 z
0 0 1
0 0
I I 
2
-Zb
0
0
Zb +1
Zb +
-Zb Z
t t 
2
Zb- — 
2
-(')2 0- 0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0
0 0
1
0
0
• 0 
0 
0 
0 0
0
1
0
0
0
0 
0 
0 
0 
1 
0 
0
0 — 
2
-z
0 0
0 0
0 0
0 0 
0 0 
0 0
0 0
0 0
0 0
0 0
0 0
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0
-Zb -z 1
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118
Al: S= {a}. The elements xa(t) are simply exp /ej2, with t = t ,
so we again have that t is a real number. is generated 
by '
exp tei2 =
1 t 
0 1
A2: S = {a,/3,a + fi}-. Again, u is of the form u = -1^- + ibl where b 
is an arbitrary element of R. Therefore, consists of
elements of the form
exp /6]2.exp /e23-exp (—+ ib)ei3
A 1 t ^ + ib\ 
0 1 T
V 0 1 )
a3: Sx = {pyr s2 = {a + p + 7y. x'Sl {exp te23, t e R}, which are of
the form
y i o o o y 
0 1/0 
0 0 10 '
y o o o i )
and X$2 = {exp /ei4, / e R}, which have the form
y i o o / y 
0 10 0 
0 .0 1 0
y o o o i J
as in Appendix B. S3 = {a,/}, and S4 — {a + P, P + 7} each have two
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elements, so we have X$3 = {exp ten.exp ^034, t e C}, which
have the form
< 1 t 0 0 A 
0 10 0
0 0 1 7 '
^ 0 0 0 1 J
and = {exp teu.exp te2i, te C}, which have the form
< 1 0 t 0 A
0 10 7 
0 0 10
^ 0 0 0 1 J
Ai: S\ = {a,8} and Si = {a + ft + 7,P + 7 + 5} each have two elements,
so is generated by
exp te 12.exp ten =
< 1 t 0 0 0 A
0 10 0 0
0 0 10 0
0 0 0 1 7
J0 0 0 0 1
and X$4 is obtained from
exp te 14. exp t e2s =
Y 10 0/0
0 10 0 7 
0 0 10 0
A
00010
00001
120
Sy = + 7} and Sy = {a + p,y + §,a + p + y + 8}- each have three
elements, so we again consider elements of the form 
x,(f)x-r( t )xr+T{u) • X$2 consists of elements of the form
exp fe23-exp / £34. exp (—y- + ib)e24 =
<1 
0 
0 
0
V
0
1
0
0
0
0
t
1
0
0
0 0 A
*-+ib 0
t 0 f
1 0 
0 1 y
with t in C and b in R.
XlSi is again generated by elements of the form
exp te 13. exp t eys. exp (-« + ib)e\y
< 1 0 t 0 
0 10 0 
0 0 10 
0 0 0 1
^ 0 0 0 0
t
0
1 J
again with t in C and b in R.
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